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Listen im λ-Kalkül

rekursive data-Typen: darstellbar im λ-Kalkül, z.B. Listen:

[1, 2, 3] ' λc. λn. c 1 (c 2 (c 3 n))

möglicher Typ: τlist(α) = (α→ β → β)→ β → β
α: Elementtyp

aber: Funktionstypen passen nicht
tail = λl c n. l (λx xs i. i x (xs c)) (λf . n) (λx xs. xs)

|− tail : ((α2 → (α→ α3)→ (α2 → α3 → α4)→ α4)→ (α5 → α1)→ (α6 → α7 → α7)→ α8)→ α→ α1 → α8

zumindest nicht: τlist(α) → τlist(α)

Erweitere λ-Kalkül um Listen

Cons,Nil,head,tail,null

null (Cons t1 t2)⇒ False null Nil⇒ True
head (Cons t1 t2)⇒ t1 tail (Cons t1 t2)⇒ t2
head Nil 6⇒ (Laufzeitfehler) head 42 (Typfehler)
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Typregeln für Listen

Typ von Cons,Nil,head,tail,null abhängig von Elementtyp:
erweiterte Typsyntax
τ = Basistyp︸ ︷︷ ︸

int,bool

| Var︸︷︷︸
α,α2,β,γ,...

| τ1 →︸︷︷︸
2−stelliger Typkonstruktor

τ2 | list (τ)︸ ︷︷ ︸
1−stelliger Typkonstruktor

keine fixen Typen τCons, τhead, . . . ⇒ neue Typregeln

Typregeln für Listen

CONS
Γ |− Cons t1 t2 : list (τ)

NIL
Γ |− Nil : list (τ)

HEAD
Γ |− head t : list (τ)

TAIL
Γ |− tail t : list (τ)

NULL
Γ |− null t : bool
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Typregeln für Listen

Typ von Cons,Nil,head,tail,null abhängig von Elementtyp:
erweiterte Typsyntax
τ = Basistyp︸ ︷︷ ︸

int,bool

| Var︸︷︷︸
α,α2,β,γ,...

| τ1 →︸︷︷︸
2−stelliger Typkonstruktor

τ2 | list (τ)︸ ︷︷ ︸
1−stelliger Typkonstruktor

keine fixen Typen τCons, τhead, . . . ⇒ neue Typregeln

Typregeln für Listen

CONS
Γ |− t1 : τ Γ |− t2 : list (τ)

Γ |− Cons t1 t2 : list (τ)
NIL

Γ |− Nil : list (τ)

HEAD
Γ |− t : list (τ)

Γ |− head t : list (τ)
TAIL

Γ |− t : list (τ)

Γ |− tail t : list (τ)

NULL
Γ |− t : list (τ)

Γ |− null t : bool
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Typregeln für Listen

Typ von Cons,Nil,head,tail,null abhängig von Elementtyp:
erweiterte Typsyntax
τ = Basistyp︸ ︷︷ ︸

int,bool

| Var︸︷︷︸
α,α2,β,γ,...

| τ1 →︸︷︷︸
2−stelliger Typkonstruktor

τ2 | list (τ)︸ ︷︷ ︸
1−stelliger Typkonstruktor

keine fixen Typen τCons, τhead, . . . ⇒ erweiterte Typannahmen

Γlist = Cons : ∀α.α→ list (α)→ list (α),
Nil : ∀α.list (α) ,
head : ∀α.list (α)→ list (α),
tail : ∀α.list (α)→ list (α),
null : ∀α.list (α)→ bool

Funktionen in Haskell: polymorphe Definition erweitert Γ um Typschema

length :: [a] -> Int
length list = ...

Γ′ = Γ,length : ∀α.list (α)→ int
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Typinferenz für Listen

Wie zuvor: [t1, t2, . . . , tn] für Cons t1 (. . . (Cons tn Nil) . . .)

Γlist |− && : α4
Γlist |− null : α6 Γlist |− [] : α7

Γlist |− null [] : α5

Γlist |− && (null []) : α3

Γlist |− null : α8 Γlist |− [1, 2, 3] : α9

Γlist |− null [1, 2, 3] : α4

Γlist |− (null []) && (null [1, 2, 3]) : α1

C = {α9 = list (int), α3 = α4 → α1, α4 = α5 → α3,
α4 = bool→ (bool→ bool), α6 = α7 → α5, α8 = α9 → α4

α6 = ????
α8 = ????
α7 = ????}

Γlist = . . .
null : ∀α.list (α)→ bool,
Nil : ∀α.list (α)
. . .
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Γlist |− null [] : α5
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Γlist |− null : α8 Γlist |− [1, 2, 3] : α9

Γlist |− null [1, 2, 3] : α4

Γlist |− (null []) && (null [1, 2, 3]) : α1

C = {α9 = list (int), α3 = α4 → α1, α4 = α5 → α3,
α4 = bool→ (bool→ bool), α6 = α7 → α5, α8 = α9 → α4

α6 = list (β1)→ bool
α8 = list (β2)→ bool
α7 = list (β3)}

Γlist = . . .
null : ∀α.list (α)→ bool,
Nil : ∀α.list (α)
. . .
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